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BACKGROUND 

A significant % of oil & gas wells leak, allowing gas and subsurface fluids to migrate to surface. This is 

despite >80 years of worldwide experience in primary cementing of oil & gas wells, together with 

significant evolution of industry no-how, equipment and materials. Leakage is common in Western 

Canada and presents environmental and health/safety risks, as well as reducing well productivity. Key 

reasons for the failure of the industry to solve this problem include both managerial/operational factors 

and the wide range of different potential physical causes.  

This project initiates an in depth study of those physical causes related to fluid mechanic issues, with the 

aim of improving physical understanding in the industry. Three areas were highlighted for attention, 

using a mix of analytical, computational and experimental techniques. 

 Micro-annulus formation and prevention during cement placement 

 Fluid invasion into a gelled column. 

 Cement hydration modelling and predicting pore pressure reduction. 

 

 

SUMMARY OF ACTIVITIES & RESULTS 

Main activities in the 3 areas were as follows 

 Micro-annulus formation and prevention during cement placement 

In primary cementing the cement slurry is usually preceded by one or more washes/spacer fluids, which 

are designed to have a rheology and density that aids displacement of the drilling mud from the narrow 

annular space. However, due to the yield stress and viscosity of the drilling mud, it is common that a part 

of the mud is left behind on the walls. These thin layers may connect around the circumference forming a 

so-called micro-annulus. These residual mud layers may form the basis for longitudinal conduits of 

porous de-hydrated mud, after the cement has set, allowing migration of gas and other reservoir fluid.  

 

Since more than 10 dimensionless parameters are involved in the displacement of 2 non-Newtonian 

fluids with yield stress in a 3D annular geometry, our initial approach is to simplify to a 2D longitudinal 

section of the narrow annulus, at fixed azimuth. We consider this section to be vertical (e.g. surface 

casing). We model only the simplest yield stress fluid (Bingham fluid) as the drilling mud – the yield 

stress is the key cause of the mud layers, and simplify the spacer rheology by considering it Newtonian. 

This reduces the dimensionless parameter set to 5 parameters:  Reynolds (Re), Froude (Fr), Atwood (At) 

and Bingham (B) numbers, plus viscosity ratio (m). We study only density stable displacements, as the 

annular fluids typically obey a density hierarchy. The limit of small Atwood number is also imposed, in 

which the effects of buoyancy on accelerations is eliminated, thus reducing to a 4 parameter system.  
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We have modelled this system computationally, running 100’s of simulations over significant parameter 

ranges (Re,Fr,B,m). The main findings are  

 

 Buoyancy increases the efficiency of residual mud layer removal, i.e. the (micro-annulus) mud layer 

thickness reduces. 

 The thickness of the residual layer increases as the ratio m of the viscosity of displaced fluid to that 

of the displacing fluid increases. 

 Interestingly, the residual layer sometimes thins on increasing the yield stress of displaced fluid. This 

paradoxical effect is being further explored. 

 The displacement process happens over a shorter time frame at higher values of viscosity ratio and 

lower values of Bingham numbers. More precisely, these trends give rise to the largest ratios of front 

velocity compared to the mean imposed (pumping) velocity. In the wellbore context, these would 

lead to earlier “breakthrough” times. In this respect, the largest front velocities are found in 

Newtonian-Newtonian displacements with m  10 or larger.  

   

In parallel we have developed a semi-analytical 2-layer model that can give quick computations and 

predict the displacement front velocity and other features of the displacement at long times. The results 

of this model are being compared with the 2D computations. The aim is to characterize the different 

types of displacement in a buoyancy-viscosity ratio map. Currently we have identified 3 basic 

classifications for the displacement front: (1) frontal shock (plug type interface); (2) contact shock (spike 

type interface); (3) no shock (dispersive interface). In each case we may have a residual mud layer or not. 

 

A paper is in preparation for submission based on our findings.   

 

 Fluid invasion into a gelled column. 

In order for formation fluids (gas or liquid) to enter the well it is necessary for there to be a pressure 

imbalance. A pressure imbalance may not however be sufficient for fluids to invade. In the event of the 

invading fluid being immiscible with the cement slurry, it is firstly also necessary to overcome a 

capillary pressure limit, which may depend critically on the pore radius or other local geometry. 

Secondly, the rheology of the cement slurry has an effect on invasion, as is widely acknowledged in the 

industry, e.g. in API recommendations and in additives targeted at control of gel strength in the semi-

solid slurry.  

 

We have built and modified an experimental test cell to study the invasion process. In place of gas, to 

eliminate buoyancy and capillary effects, we have first worked with aqueous liquids as the invading 

fluid. The in situ gelled column is Carbopol, a transparent lab fluid with yield stress varied by adjusting 

concentration and pH. A single invasion pore is placed centrally in the bottom of the gelled column. The 

applied pressure (overpressure) in the invading fluid is controlled very precisely with a manometer 

design. 

 

The first set of experiments involved water as the invading fluid. We observed that invasion happens 

following a complex sequential process with the following stages: initial mixing/diffusive stage, invasion 

dome stage, transition stage, soft fracture propagation. These stages have been visualized and to some 

extent quantified. In parallel, further insights have been gained from a computational study that shows 

the transition in ideal yield stress fluids from localised recirculatory patterns to a Poiseuille type motion 

of the entire column as the invading pressure is increased. Details of these results are included in a paper 

accepted for publication in the Journal of non-Newtonian Fluid Mechanics which is included as an 

appendix to this report. 
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Additional results obtained in the first year are being analyzed. These focus at the fracture stage, after 

invasion, where the invading fluid propagates through the gelled column. We also have a large sequence 

of experimental results using glycerol solutions as the invading fluid (exploring viscosity and density 

effects).  

 

 Cement hydration modelling and predicting pore pressure reduction. 

This is a new area for the group and so far our attention has been mostly on the above two areas. We 

have developed a general “two-fluid” model for evolution of the solid and liquid phases in the slurry and 

have started reviewing literature in order to predict evolution of the cement chemistry during hydration.  

 

We have reproduced the results in 2 model studies developed by Billingham and co-workers: (1) delayed 

nucleation theory; (2) Effects of retarder. In the first of these the hydration of cement is explained with a 

dissolution-precipitation mechanism, which involves the first two stages of reactions: pre-induction and 

induction. On contact with water, C3S (alite) releases calcium and calcium hydroxide (CH) ions and a 

very thin layer of C-S-H forms on the surface of each of the grains. This stage is the so-called pre-

induction period. According to Billingham’s delayed nucleation theory, the growth of C-S-H encounters 

a delay (the induction period) that is modelled mathematically by assuming that the rate of chemical 

reactions is limited when the C-S-H concentration reaches a maximum value. These are preliminary and 

it is not clear yet which hydration models will form the basis for future work.   

 

PRESENTATIONS & PUBLICATIONS 

Results from the study to date have been presented in the following forums.  

[1] Gel Strength Effects on Fluid Invasion into a Cemented Annuli: Part 1. M. Zare, L. Gassmann, I. 

Frigaard. Poster presented at the Unconventional Gas Technical Forum, April 4-5, 2016, Victoria, 

BC, Canada. 

[2] Gel Strength Effects on Fluid Invasion into a Cemented Annuli: Part 2. M. Zare, L. Gassmann, I. 

Frigaard. Poster presented at the Unconventional Gas Technical Forum, April 4-5, 2016, Victoria, 

BC, Canada. 

[3] Invasion of fluids into a gelled fluid column: Yield stress effects. M. Zare, A. Roustaei, K. Alba, I.A. 

Frigaard. Journal of Non-Newtonian Fluid Mechanics, article accepted and to appear 2016, 

(http://dx.doi.org/10.1016/j.jnnfm.2016.06.002).  

[4] Rheological Effects on Fluid Invasion into Cemented Annuli. M. Zare, Q. Lindfield-Roberts, M. 

Ward, K. Alba, I.A. Frigaard. Poster and proceedings paper at 9th International Conference on 

Multiphase Flow (ICMF 2016) May 22-27, 2016 Florence, Italy. This poster was winner of the 

ICMF poster prize. 

 

FUTURE ACTIVITIES & MILESTONES 

In year 2 of the project we plan to continue work in all 3 areas, as follows. 

 Micro-annulus formation and prevention during cement placement 

Here we intend to extend our modelling approach to include some of the following: 

 Density unstable configurations 

 Inclination of the model geometry (apart from vertical) 

 Inclusion of a yield stress in the displacing fluid and potentially other rheological effects such as 

shear-thinning.  

http://dx.doi.org/10.1016/j.jnnfm.2016.06.002
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Our first milestone is to finish preparation of the article describing our initial results.  

 

 Fluid invasion into a gelled column. 

We intend to continue our approach of experimental study of invasion supplemented by computations. In 

year 1 we focused at miscible invasions with no density difference (water-Carbopol). In year 2 we intend 

to initiate the study of gas invasion. As an interim stage we may also consider capillary effects with a 

density-matched immiscible invading fluid. We will start the study using a similar setup (single centrally 

positioned invasion hole) to compare against the year 1 results. Later we hope to prototype different 

geometries mimicking the wellbore setup, e.g. some form of porous wall in a gelled column. An 

additional milestone is to finish preparation of an article describing our results from year 1 on glycerin 

invasion into Carbopol.   

 

 Cement hydration modelling and predicting pore pressure reduction. 

We intend to focus on this area significantly, with the aim of completing model development by Q2 2017 

and deriving initial computed results from this model in Q3/Q4 2017.  

 

TEAM 

Those funded partly from this project include: 

 Marjan Zare, lead researcher, PhD student responsible 

 Matthew Ward, undergraduate intern UBC (Sept - Dec 2015). Contributor to fluid invasion studies 

 Linus Gassmann, visiting masters student from TU Munich (Nov 2015 – April 2016). Contributor to 

fluid invasion studies 

 Dr Ali Roustaei, Postdoc researcher giving computational support on micro-annulus formation and 

invasion studies 

Involved in a supervisory capacity were:  

 Dr I.A. Frigaard (PI, faculty member at UBC) 

 Dr J. Stockie (Faculty member at Simon Fraser University) collaborating on development of the 

hydration model.  

 Dr Kamran Alba (former postdoc and now faculty member at University of Houston) involved in 

initial project design and setup of the fluid invasion experiment.  

 

BUDGET 

Budget of $40,000 for year 1 of the project is spent/committed up until end of project year.  

 

Approximate breakdown: salary costs $26,500; equipment, materials and other supplies $8,000; travel 

and conference expenses $5,500. 

 

 

 

APPENDIX 

Invasion of fluids into a gelled fluid column: Yield stress effects. M. Zare, A. Roustaei, K. Alba, I.A. 

Frigaard. Journal of Non-Newtonian Fluid Mechanics, article accepted and to appear 2016, 

(http://dx.doi.org/10.1016/j.jnnfm.2016.06.002).  

http://dx.doi.org/10.1016/j.jnnfm.2016.06.002
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a b s t r a c t 

We study the invasion of a Newtonian fluid into a vertical column of yield stress fluid through a small 

hole, using both experimental and computational methods. This serves as a simplified model for under- 

standing invasion of gas into cemented wellbores. We find that the invasion pressure must exceed the 

static pressure by an amount that depends linearly on the yield stress of the fluid and that (for suffi- 

ciently deep columns) is observed to increases with the height of the yield stress column. However, inva- 

sion pressures far less than the Poiseuille-flow limit are able to yield the fluid, for sufficiently small hole 

sizes. Observed experimental behaviours in yielding/invasion show a complex sequence of stages, starting 

with a mixing stage, through invasion and transition, to fracture propagation and eventual stopping of the 

flow. Precise detection of invasion and transition pressures is difficult. Invasion proceeds initially via the 

formation of a dome of invaded fluid that grows in the transition stage. The transition stage appears to 

represent a form of stress relaxation, sometimes allowing for a stable dome to persist and at other times 

leading directly to a fracturing of the gel. The passage from initial invasion through to transition dome is 

suggestive of elasto-plastic yielding, followed by a brittle fracture. Computed results give qualitative in- 

sight into the invasion process and also show clearly the evolution of the stress field as we change from 

local to non-local yielding. 

© 2016 Elsevier B.V. All rights reserved. 

1. Introduction 

Gas migration has been a chronic problem in the completion of 

oil and gas wells for decades [1,2] . This is a complex phenomenon 

with causes that combine chemical, geochemical and fluid me- 

chanical processes. The consequences of gas migration can range 

from gas emissions at the wellhead or into the surrounding sub- 

surface ecosystem, to aquifer contamination and in extreme cases 

to well blowouts. In addition, leakage lowers reservoir pressures 

impacting well productivity. Thus, gas migration impacts health 

and safety, environment and economic aspects of hydrocarbon en- 

ergy production. 

A key difficulty of understanding gas migration is that the 

causes manifest over different timescales in the well construction 

process. Here we focus on early-mid stage gas migration, which 

happens during the primary cementing of a well, and on rheology 

effects. In primary cementing [3] a steel casing is inserted into the 

newly drilled borehole and cement slurry is placed into the annu- 

∗ Corresponding author. 

E-mail address: frigaard@math.ubc.ca (I.A. Frigaard). 

lar space surrounding the casing and bordering the reservoir. After 

the pumps are turned off the cement slurry is left to set within a 

narrow annular space (e.g. 2–6 cm mean annular gap, for mean 

diameters anywhere in the range 12–30 cm) that extends many 

100’s of meters along the wellbore. The cement slurry which gen- 

erally has modest yield stress ( ∼5–10 Pa) develops a significant 

gel strength during the early stages of hydration, when it may still 

be regarded as a semi-solid yield stress suspension. During this 

stage the root cause of gas invasion into the well is pressure im- 

balance. 

There are various theories about how pressure imbalance is 

generated (e.g. [4–6] ), but here we will simply acknowledge that it 

happens. The cementing industry commonly uses additives for gas 

migration treatment that affect rheology post-placement, i.e. gen- 

erally increasing the yield stress of the slurry. Once gas has en- 

tered the wellbore and migrates upwards in the annulus, rheology 

certainly has a role to play in retarding or preventing propagation 

of bubbles/gas streams. However, at that stage the well integrity is 

already compromised (at least partially). Instead therefore we ad- 

dress the question of what are the effects of the yield stress on 

fluid invasion? 

http://dx.doi.org/10.1016/j.jnnfm.2016.06.002 

0377-0257/© 2016 Elsevier B.V. All rights reserved. 
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In hydrocarbon bearing rocks permeabilities vary widely, giving 

representative pore sizes in the μm range for conventional reser- 

voirs, down to nm range for many tight/unconventional reservoirs, 

an example of the latter being the Montney shale found in North- 

eastern British Columbia [7] . For porosity ranges ≤ 4%, pores abut- 

ting the newly drilled borehole are essentially isolated holes on a 

surface. This leads us to the following problem. 

Consider a tall column of static yield stress fluid with a sin- 

gle small “hole” in the wall of the container. We apply fluid under 

pressure through the hole and question whether or not the fluid 

invades and under what mechanism. In the case of a purely vis- 

cous fluid within the container and if we neglect capillary effects, 

a pressure over-balance is sufficient to ensure that fluid can enter. 

How is this invasion question affected when the in situ fluid has 

a yield stress? Firstly, in an admittedly idealised scenario, the fluid 

behaves locally as a rigid solid, blocking any invasion unless the 

over-pressure generates stresses sufficient to locally yield the fluid 

around the hole. Secondly, if there is a net influx into the con- 

tainer it is necessary for fluid to yield and displace all the way to 

surface, suggesting that the height of fluid in the column is impor- 

tant. These are the topics we study in this paper. 

Within the literature on viscoplastic fluids there are a number 

of works of relevance to fluid invasion and migration, although not 

directly to the problem we study. Regarding the migration phase, 

much of the literature on droplet and bubble motion is reviewed 

by Chhabra in the comprehensive text [8] . The question of what 

yield stress is sufficient to prevent migration of a bubble was ad- 

dressed by Dubash & Frigaard [9,10] , but the bounds derived are 

fairly conservative as shown by Tsamopoulos et al. [11] . There has 

been much recent research on bubble motion, both experimental 

and computational, e.g. [12–15] , and to a lesser degree on droplets 

[16–18] . Others have studied displacement/injection flows of yield 

stress fluids in pipes in both miscible [19–23] and/or immiscible 

[24–28] scenarios. Others have studied similar flows in Hele-Shaw 

geometries [29,30] . Here we study invasion through a small hole. 

In her thesis, Gabard [19] studied effects of moderate nozzle size 

variations on displacement flows and in [21–23] we have studied 

Newtonian-viscoplastic displacement flows in pipes, with invasion 

hole the same size as the pipe, (i.e. initial separation of fluids via a 

gate valve). Thus, these studies can be interpreted as a continuous 

variation of hole size. However, here our concern is the actual in- 

vasion/yielding stage as motion is initiated within the yield stress 

fluid. 

The transient start-up flow of a (weakly compressible) vis- 

coplastic fluid caused by imposing a sudden pressure drop has 

been studied in [31–34] in the context of pipeline restart of waxy 

crude oils. In order to mobilize the gel in the pipe, a large enough 

pressure drop needs to be applied which is related to the pipeline 

length and to the fluid yield stress and bulk compressibility [35] . 

Waxy crude oil gel breaking mechanisms can range from adhe- 

sive (breakage at the pipe-gel interface - partial slip) to cohe- 

sive (breakdown of the internal gel structure itself - yielding) [36] . 

There also exist a number of works in pharmaceutical contexts that 

study high-speed injection of a liquid into a soft tissue mimicking 

needle-free jet injection of drug under the skin [37,38] . Analysis of 

drug jet entry into elastic polyacrylamide gels has revealed three 

distinct penetration stages namely erosion, stagnation , and disper- 

sion [37] . The jet removes the gel at the impact site during the ero- 

sion phase leading to the formation of a distinct cylindrical hole. 

Thereafter, the jet comes to stagnation characterized by constant 

penetration depth and finally followed by dispersion of the liquid 

into the gel. During dispersion nearly symmetrical cracks of the in- 

jected fluid propagate within the gel. See also [38] for mathemati- 

cal modeling of similar injection flows. 

An outline of our paper is as follows. Section 2 introduces a 

setup in which to study fluid invasion and performs a dimen- 

sional analysis of the simplest setup. The experimental method 

is outlined in Section 3 . Our main experimental results on inva- 

sion pressures and a qualitative description of fluid invasion stages 

are given in Section 4 . Section 5 presents results of a computa- 

tional study of invasion pressures, using idealised yield stress flu- 

ids, which helps to understand the transition between local yield- 

ing and a Poiseuille-type behaviour. The paper ends with a brief 

discussion. 

2. Fluid invasion simplified 

As discussed above, the objective of our study is to understand 

the effects of the yield stress on the invasion (i.e. penetration) 

stage of gas migration. Consider therefore the following simplified 

setup in which fluid invasion can occur. A column of an ideal in- 

compressible yield stress fluid of height ˆ H is contained in a tank of 

lateral dimension 

ˆ R , (e.g. uniform circular or rectangular cylinder). 

The fluid density and yield stress are denoted ˆ ρ and ˆ τY , respec- 

tively. A circular orifice (hole) of radius ˆ R h in the base of the tank 

( Fig. 1 a) contains the invading fluid, which is assumed viscous and 

incompressible, with density ˆ ρi . The invading fluid is connected via 

tubing to a large reservoir ( Fig. 1 b) that is maintained at a height 

ˆ z R . The reservoir height is controlled to ensure that the pressure 
ˆ P h , within the invading fluid orifice at the entry to the tank, is 
ˆ P h ≥ ˆ ρ ˆ g ̂  H . The question we wish to address is whether or not the 

invading fluid is able to penetrate into the static gelled column? 

For simplicity it is assumed that ˆ ρi = ˆ ρ, so that buoyancy forces 

do not play any role in the flow. Equally, we assume that the two 

fluids are completely miscible, so as to neglect capillary effects. 

In order to penetrate into the gelled column it is clear that the 

visco-plastic fluid must yield. If ˆ P h = ˆ ρ ˆ g ̂  H , there is no driving pres- 

sure and we may expect there to be no flow. Consider concep- 

tually an experiment in which ˆ z R is progressively and slowly in- 

creased, e.g. as in Fig. 1 b. We expect that at some height we have 

sufficiently increased 

ˆ P h > ˆ ρ ˆ g ̂  H , such that fluid penetration occurs, 

causing the fluid in the tank to yield and flow. The invasion pres- 

sure ˆ P i is defined as the value of ˆ P h at which fluid penetration first 

occurs. 

Evidently, we expect that ˆ P i depends on the static pressure in 

the yield stress fluid at the base of the tank, and thus on ˆ ρ, ˆ g and 

ˆ H . As yielding is involved, ˆ τY also naturally affects the flow. How- 

ever, if we only consider the process of yielding and ignore what 

may happen afterwards, other rheological parameters should not 

affect ˆ P i . We must also consider the two geometric parameters: ˆ R 

and 

ˆ R h . 

Following a dimensional analysis and subtracting the static 

pressure field everywhere, we find that 

P i = 

ˆ P i − ˆ ρ ˆ g ̂  H 

ˆ τY 

= f (H, r h ) , (1) 

where H = 

ˆ H / ̂  R and r h = 

ˆ R h / ̂  R , i.e. the scaled invasion pressure 

should depend only on the dimensionless height of the yield stress 

fluid column and on the hole radius, i.e. 2 dimensionless parame- 

ters define P i . Note that in this analysis, by considering only an 

ideal visco-plastic fluid (e.g. Bingham, Casson, Herschel-Bulkley, 

etc) we do not allow for other mechanical behaviours to influence 

the yielding process, e.g. elasto-plastic behaviour, thixotropy, etc. 

This simplification is purely to provide a framework with which to 

design our experiments and understand our results. 

3. Experimental description 

To explore the flow described in Section 2 , we constructed a 

simple experiment as follows. Experiments were performed in a 

long Plexiglas cylinder of radius ˆ R = 3 . 175 cm (1.25 ′ ′ ) and height 
ˆ H C = 63 . 5 cm (25 ′ ′ ), with sealed base. The Plexiglas cylinder was 

Please cite this article as: M. Zare et al., Invasion of fluids into a gelled fluid column: Yield stress effects, Journal of Non-Newtonian Fluid 
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Fig. 1. Schematic setup: (a) conceptual problem; (b) experimental apparatus. 

immersed in a rectangular tank filled with a glycerin solution, pre- 

pared to match the refractive index of the Plexiglas, hence mini- 

mizing optical distortion. 

The cylinder is filled with a Carbopol EZ-2 solution and water 

invades through a hole positioned in the centre of the base, of ra- 

dius ˆ R h = 0 . 3175 mm. To balance atmospheric pressure we control 

the injection pressure ˆ P h with a manometer arrangement. The net 

injection pressure is then regulated by the difference in height be- 

tween the carbopol column and a water reservoir; see Fig. 1 b. Us- 

ing this design instead of a pressure regulator, leads to elimination 

of both atmospheric pressure and hydrostatic pressure. In order to 

enhance experimental repeatability at smaller heights of carbopol, 

we added water on top of the carbopol column so that the total 

height of fluid column remained constant in each experiment, (see 

Section 3.2 ). The precision of our pressure control system is 0.1 μm 

of water, which means a static pressure of 10 −3 Pa, controlled by 

the height of the water tank via the automatic scissor jack system. 

The surface height measurement in the water tank is visual, with 

lower precision. 

We use the planar Laser-Induced Fluorescence (planar-LIF) tech- 

nique to measure instantaneous whole-field concentration maps of 

the invading fluid (water with red fluorescene). A 532 nm green 

laser light sheet illuminates the center plane of the tank and ex- 

cites the fluorescene. The experiments were recorded by two cam- 

eras, one with 16 mm compact Fixed Focal Length Lens to record 

the small field of view of 2.5 × 3 cm 

2 , around the hole and 

another for recording a larger propagation field of the invaded 

fluid. The former one is recording with 8 frames per seconds at 

0.8 megapixels and the invaded fluid propagation is recorded by a 

video camera at 720 pixel resolution with 60 frames per second, 

giving a spatial resolution of ≈10–15 pixels per mm. 

With fixed hole size and cylinder radius, the parameters ex- 

pected to be relevant to the experiments are the aspect ratio of 

the column and the yield stress of the invaded fluid, see (1) . Thus, 

to study the effects of these parameters on the invasion pressure, 

we have performed experiments with a variety of concentrations 

of carbopol over many different heights of the carbopol column. 

3.1. Fluid characterization 

The in-situ (invaded) fluid was a solution of Carbopol EZ- 

2 (Noveon Inc). According to the desired concentration, a small 

amount of Carbopol EZ-2 was mixed with water and then neu- 

tralized by stirring in an appropriate amount of 0.1 g/l of sodium 

hydroxide (NaOH) for 24 hours. The concentration and pH of the 

solution mainly determine the rheological properties of the fluid. 

In order to avoid thixotropic and evaporation effects, a new batch 

of carbopol was made for each day of the experiment, using iden- 

tical preparation protocols. Before starting each experiment, a se- 

Table 1 

Rheological measurements of carbopol solutions used in the exper- 

iments. 

Fluid Shear rate range Yield Stress PH 

ˆ ˙ γ ˆ τY 

(wt/wt) (s −1 ) (Pa) 

Carbopol 0 .15% 0 .001–0.1 4 .3–5.9 6 .5–7.05 

Carbopol 0 .16% 0 .001–0.1 6 .2–7.3 6 .5–7.05 

Carbopol 0 .17% 0 .001–0.1 7 .06–8.53 6 .5–7.05 

Fig. 2. Example flow curves for 4 tests using C = 0 . 15% (wt/wt) carbopol solution. 

The instantaneous viscosity technique is used to estimate the yield stress of the 

solution. 

ries of controlled shear rate rheological measurements were con- 

ducted using a Gemini HR nano rheometer (Malvern Instruments), 

at 20 °C, representing the laboratory temperature. 

Shear rate sweeps over the range of 0 . 001 −0.1 s −1 were con- 

ducted, with data collected for 100 points at each shear test. To 

negate potential elastic effects, the time step between each shear 

rate measurement was set to be 7 s, including delay and integra- 

tion time. Three different carbopol concentrations were used, as 

outlined in Table 1 . For each carbopol the yield stress was esti- 

mated using the maximal instantaneous viscosity method [39] . A 

representative example of using this method is shown in Fig. 2 for 

C = 0 . 15% carbopol. These tests were performed 4 times for each 

sample, with a high degree of repeatability, but nevertheless there 

is a significant range of maximum ˆ τ . The carbopol concentrations 

were limited both above and below for practical reasons. Too low 
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a concentration resulted in a very diffuse interface and weak yield 

stress. The issue here is that yield stress measurement is relatively 

low precision and we scale with the yield stress in our dimensional 

analysis. Too high a concentration results in a large yield stress, 

which causes problems with the filling protocol (see below). 

3.2. Experimental evolution, calibration and repeatability 

Our initial experimental focus was on gas invasion. With the in- 

tention to investigate this in a small lab-scale experiment we iden- 

tified the following stresses that would influence: (i) atmospheric 

pressure (10 5 Pa); (ii) static pressures ( ∼10 cm = O (10 3 ) Pa); (iii) 

yield stresses ( ∼O (10 2 )Pa); (iv) capillary stresses (depending on 

hole size, ∼ O(10–10 2 ) Pa); (v) buoyancy stresses. It became ap- 

parent that in order to investigate yielding we would need to im- 

pose a pressure differential of ∼O (10 2 ) Pa, and hence control for 

stresses of comparable and larger magnitude. 

Elimination of atmospheric pressure effects and balancing static 

pressure is most easily achieved via a manometer design, such as 

Fig. 1 b. Some initial experiments using air as the invading fluid 

showed that the transition from yielding (i.e. invasion) to pinch- 

off and migration was strongly influenced by capillary and buoy- 

ancy effects. Consequently, we decided to inject an isodense mis- 

cible Newtonian fluid, water, into the carbopol, thus eliminating 

capillary and buoyancy stresses. In a typical experiment, we in- 

crease the injection pressure ˆ P h by raising the reservoir continu- 

ously. Care was taken that the increase rate was slow enough (rel- 

ative to the viscous timescale in the tube connecting to the reser- 

voir) so that the invading fluid can be considered steady: hence ˆ P h 
is determined purely from hydrostatics. 

Following these initial design considerations, further experi- 

mental protocols and changes followed to improve repeatability. 

Our first tests were in square cross-section tanks. Late stages of 

these experiments showed asymmetric propagation of the invad- 

ing fluid. To eliminate the possibility of tank geometry affecting 

flow symmetry we then moved to the cylindrical tank. Next, we 

observed poor experimental repeatability at smaller heights of car- 

bopol. This problem was eliminated by adding water on top of the 

carbopol column so that the total height of fluid column remained 

constant in each experiment, i.e. a height ˆ H of carbopol with a 

height ˆ H C − ˆ H of water on top. We postulate that there are some 

minor effects of the filling procedure that may allow for residual 

stresses in the gelled column. The additional static pressure of the 

water potentially minimizes these effects. Lastly it was found that 

carbopol may enter into the invasion hole and block it, prior to the 

start of the experiment. To avoid this: (a) the hole was machined 

from below to be conical through the thickness of the base, i.e. ˆ R h 
is the radius of hole at the entry to the tank; (b) the tank filling 

procedure was carefully executed; (c) we limited the carbopol con- 

centration to 0.17% in this study. The latter of these kept the yield 

stress reasonably low, so that in the event of carbopol entering the 

hole during filling it could be easily removed. 

4. Results 

We have conducted approximately 100 experiments at various 

ˆ τY and five different ˆ H . Experiments were repeated at the same 

column height and carbopol concentration, typically 3–5 times to 

reduce variability in the results. Before presenting our general re- 

sults, we describe in detail the typical experimental observations. 

4.1. A typical invasion experiment 

The invasion/penetration of water into carbopol, namely flow 

yielding/initiation, is characterized by the following stages, illus- 

trated in Fig. 3 . 

1. Mixing stage: A very small mixed region of water-carbopol de- 

velops directly above the hole. The water is observed to mix 

into the carbopol, but there is no observable motion of the flu- 

ids i.e. no displacement. This stage is probably driven by either 

molecular diffusion or osmotic pressure. The precise extent of 

the region is hard to specify as it is diffuse, but a typical thick- 

ness would be ∼ 0.1mm. 

2. Invasion stage: At the center of the mixed region, when the 

pressure is high enough, the water advances into the mixed re- 

gion of the carbopol column ( invasion ). Typically the invasion 

takes the form of a minuscule dome appearing directly above 

the hole, ( ≈0.5 mm radius). Within the dome the intensity of 

the LIF image is significantly brighter than in the diffuse mixing 

stage. The invasion pressure ˆ P i is recorded. 

3. Transition stage: If the pressure is not increased further, the in- 

vasion dome becomes progressively diffuse but does not grow. 

Therefore, the applied pressure is increased beyond the inva- 

sion pressure until the small invasion dome is observed to 

oscillate and becomes significantly brighter. At this point the 

reservoir height is held constant: the pressure ( ̂  P tr ) is not in- 

creased further. These phenomena signify the onset of a second 

stage of the invasion, that we have called the transition stage. 

During transition, the small invasion dome expands. Although 

there is a flow into the dome from the reservoir, the change in 

static pressure balance is negligible and the applied pressure at 

the hole ˆ P tr can be regarded as constant. The expansion eventu- 

ally slows as the dome expands, signalling the end of the tran- 

sition stage. The interface of the dome ranges from smooth if 

the applied stress is (relatively) large, to granular if the applied 

stress is small. This surface variation is illustrated in Fig. 4 . 

4. Fracture stage: At the end of the transition stage, a small fin- 

ger or non-uniformity is observed to initiate a “fracture”. This 

either happens at the “transition” pressure, or after a slight fur- 

ther increase in applied pressure (needed only if the dome re- 

mains stable at the end of transition). During the fracture stage 

the water advances away from the dome in a dyke-like sheet, 

the edge of which can both finger and branch as it advances, 

see Fig. 8 . 

5. Arrest stage: With no further increase in static pressure to drive 

the flow, eventually the invasion flow stops. Stopping is depen- 

dent on the carbopol height H(= 

ˆ H / ̂  R ) . Either the invading wa- 

ter penetrates fully to the surface of the carbopol (for smaller 

H ) or it may stop before reaching the surface (larger H ). 

4.2. Invasion and transition stages 

The critical invasion pressures for different H , over all our ex- 

periments, are plotted in Fig. 5 . After an initial stage at H ∼ 1, 

where the invasion pressure decreases slightly, we observe an ap- 

proximately linear increase in invasion pressure with H . From a 

naïve macroscopic perspective, we may expect this linear increase. 

Assuming that the material is incompressible, it is necessary for 

the invading fluid to displace fluid throughout the gelled column, 

i.e. volume is conserved. In this scenario, a yield surface must ex- 

tend to surface and hence the invasion pressure should approxi- 

mately scale with H . 

Although sometimes considered as such, carbopol is not an 

“ideal” yield stress fluid. The yielding process is not abrupt, but 

instead we see yielding occurring macroscopically over a stress 

plateau/range, across which we change from elastic strain to creep 

and plastic flow, eventually with nonlinear stress-strain rate char- 

acteristics; see e.g. [41] . As observed in [40] , depending on the 

bonding strength of the material (largely controlled by carbopol 

concentration) either ductile-type or brittle-type failure may hap- 

pen at this stress plateau. Transition pressures are also plotted in 

Fig. 5 and show an approximately linear increase with H . It is clear 
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Fig. 3. Observed stages in the invasion/penetration process 

Fig. 4. Examples of dome surface shapes after “transition” showing smooth (a and b) to granular (c–e). White broken lines are a guide to the eye for the surface of the tank 

and machined hole. 

Fig. 5. Dimensionless invasion pressures P i (red circles) and transition pressures 

P tr (blue squares). Error bars indicate the variability of measured pressures over 

repeated experiments. (For interpretation of the references to colour in this figure 

legend, the reader is referred to the web version of this article.) 

from our observations that the invasion process is not straightfor- 

ward. We interpret the stage from invasion to transition as one in 

which the carbopol is essentially elastic. The initial invasion dome 

is strongly localised. As the pressure is increased and the transi- 

tion pressure is attained the dome oscillation is characteristic of 

elastic behaviour. On the other hand, the slow transitional yielding 

as the dome grows under constant applied stress is characteristic 

of ductile-type plastic yielding. Thus, we believe that the transition 

pressure is indicative of this elastic-plastic threshold. 

Fig. 6 displays a range of domes, for varying carbopol concen- 

trations and H , all recorded at the end of the transition stage. 

Note that some image variation here is due to 2 different cam- 

eras being used. Another visual effect is that the illuminating laser 

sheet attenuates with depth, so that often one side of the dome 

appears brighter than the other. We observe that there is signifi- 

cant variability in dome size at each carbopol concentration and H . 

At least part of this is due to the unstable nature of what is be- 

ing measured. It is only the oscillation of the invasion dome and 

a change in light intensity that signal transition: both measures 

can be slightly subjective. If the pressure increase is not stopped at 

P tr , the invasion dome tends to quickly expand as the pressure in- 

creases and moves directly into the fracture mode. However, stop- 

ping the pressure increase at a suspected P tr is delicate, as evi- 

denced by the fact that some transition domes readily fracture and 

others need an additional pressure increase to do so. Fig. 7 shows 

variation in the size of the domes for different yield stress and 

H . There is no consistent trend apparent, with radii ranging be- 

tween 1.2 and 2 mm. The initial invasion dome appears to be con- 

trolled by the hole radius ( ̂  R h = 0.3175 mm) whereas final transi- 

tion domes are 4-6 times the hole radius. 

One interpretation of the growth and stopping of the transition 

domes is as a form of relaxation process, i.e. the additional pres- 

sure imposed above the invasion pressure (P tr − P i ) causes plas- 

tic yielding and growth. As the hydrostatic balance is largely un- 

affected during transition, the main effect is to impose the same 
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Fig. 6. Illustrations of transition dome shapes for a range of different carbopol concentrations, C , and heights, H . Snapshots for a given C and H set correspond to different 

experiments, repeated to reduce variability of the data. 

Fig. 7. Variations in transition dome size for different carbopol concentrations, 

marked by circles ( C = 0 . 15 %), squares ( C = 0 . 16 %) and diamonds ( C = 0 . 17 %), and 

dimensionless carbopol heights, H . Each data point is obtained from more than 3 

different experiments to ensure reliability. 

pressure, but over a larger dome surface, thus easing the stresses 

in the carbopol. In this interpretation, the difference between tran- 

sition and invasion pressures in Fig. 5 represents the pressure that 

can be relaxed in this way. 

Our observation of both granular and smooth interfaces sug- 

gests a more complex and localized behaviour than that offered 

by macroscopic constitutive models. In the context of displace- 

ment flows, Gabard and Hulin [19,20] have observed a similar 

change in the rugosity of the interface in studying displacement 

flow of carbopol solutions from a narrow tube. With a glycerin so- 

lution displacing, smoother interfaces result from faster displace- 

ment speeds. Equally, less viscous displacing fluids led to coarser 

interfaces. In both cases the larger applied stress (as here) leads 

to the smoother interface. Note that this effect is not believed to 

be related to miscibility, as similar observations were made by de 

Souza Mendes et al. [26] in a gas-liquid displacement of carbopol. 

Additionally, the diffusive timescales for miscibility effects are long 

relative to our experimental timescales. 

4.3. Post-invasion propagation 

This study has focused on invasion/yielding rather than post- 

invasion propagation, which our ongoing work studies in more 

depth. Therefore, here we make a few qualitative comments only. 

Some examples of fractures observed are illustrated in Fig. 8 . As 

we have seen above, the end of transition often results in coarse 

dome interface shapes. For such domes the initial localisation is 

evident. In other domes, presumably the growth/relaxation of the 

dome also results in some localisation of the carbopol deformation 

and/or stress field. In either case, the fracture propagation is char- 

acteristic of a more brittle-type failure. Observations from [40] in- 

dicate that brittle fractures are likely to happen in the presence of 

a localized deformation in the fluid domain at very low shear rates. 

The fractures have the overall form of bladed dykes pro- 

gressing upwards from the dome. The propagation itself often 

shows “viscous” fingering characteristics at the penetrating frac- 

ture front/edge (i.e. with branching/splitting behaviour). Visually 

the penetrating fronts can be diffuse and sometimes granular on 

small scales. The direction of propagation initially taken is not re- 

peatable between experiments; see e.g. Figs. 8 b and c, or d and e, 

both at very similar H and concentrations. 

5. Computational predictions 

As well as the experimental study described above, we have 

conducted a computational study, using idealised yield stress fluid 

models. Study of such models provides only a baseline for under- 

standing of the invasion process. We have seen that carbopol ex- 

hibits elasto-plastic behaviours at low shear, and hence is not an 

ideal yield stress fluid. Therefore, in performing this type of com- 

putational study, at the outset we acknowledge that at best quali- 

tative agreement can be expected. 

5.1. The model problem and numerical method 

As we are mainly interested in the invasion pressure, indicating 

onset of flow, rather than computing the actual velocity field and 

flow, we adopt the simplest model, i.e. a Bingham fluid. As most of 

the calculations involve stresses below the yield stress, any other 

ideal yield stress fluid with a von Mises yield criterion would give 

identical results (e.g. Casson, Herschel-Bulkley, etc). The Bingham 
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Fig. 8. Images of carbopol fractures after the transition stage for (a) C = 0 . 17% , ̃H = 5 . 175 ; (b) C = 0 . 15% , ̃H = 5 ; (c) C = 0 . 15% , ̃H = 5 . 025 ; (d) C = 0 . 16% , ̃H = 5 . 1 ; (e) C = 

0 . 16% , ̃H = 5 . 075 . 

Fig. 9. Model geometry computed: (a) axisymmetric column with central flat hole at the bottom; (b) axisymmetric column with hemispherical incursion of invading fluid. 

model is 

ˆ τi j = 

(
ˆ μ + 

ˆ τY 

| ̇ γ| 
)

ˆ ˙ γ i j , ⇔ ˆ τY < | ̂  τ| (2a) 

ˆ ˙ γ i j = 0 , ⇔ ˆ τY ≥ | ̂  τ| . (2b) 

Here the plastic viscosity is ˆ μ, the deviatoric stress tensor is ˆ τ
and strain rate tensor is ˆ ˙ γ . The norm of the strain rate and shear 

stress are defined as: 

| ̂  τ| = 

√ 

1 

2 

ˆ τi j ̂  τi j , (3) 

| ̂  ˙ γ| = 

√ 

1 

2 

ˆ ˙ γ i j 
ˆ ˙ γ i j . (4) 

On scaling stresses with the yield stress (as discussed earlier in 

Section 2 ), we can write the model in non-dimensional form as 

τi j = 

(
1 + 

1 

| ̇ γ| 
)

˙ γ i j , ⇔ 1 < | τ| (5a) 

˙ γ i j = 0 , ⇔ 1 ≥ | τ| . (5b) 

Lengths have been scaled with 

ˆ R and velocities with 

ˆ U = ˆ τY 
ˆ R / ̂  μ. 

The two dimensionless parameters remaining are r h (the radius of 

the hole) and H (the height of the column). 

We consider two similar but slightly different axisymmetric ge- 

ometries, as illustrated schematically in Fig. 9 . Firstly, we model 

directly the invasion stage of the experiment, by setting constant 

normal stress, σ.n = −P i n , at the flat hole, of radius r h . Secondly, 

we impose constant normal stress, σ.n = −P i n , on the surface of 

the hemispherical dome of radius r d . We use this setup for un- 

derstanding the effects of the transition dome on the stress field. 

For both cases we solve the Stokes equations in the axisymmetric 

geometry, using constitutive laws (5) . In both cases, no-slip con- 

ditions are applied at the walls, symmetry conditions are satisfied 

along r = 0 , and zero stress is imposed at the top of the column. 

The main difficulty with models such as the Bingham model oc- 

curs at ˙ γ = 0 where the effective viscosity is singular. Robust nu- 

merical algorithms for viscoplastic fluids were developed in 80’s by 

Glowinski and coworkers [43–45] , based on convex optimization 

methods. These algorithms produce unyielded regions with true 

zero strain-rate and are well-known to be superior for studying 

problems involving flow onset/yielding; e.g. [50] . The implemen- 

tation that we use follows that in [4 8,4 9] , and we have used very 

similar numerical codes extensively in recent work where it was 

important to identify unyielded regions, e.g. [46,47] . 

As a brief overview, two extra fields are added to the velocity 

and pressure: a relaxed strain rate tensor γ and Lagrange multi- 

plier tensor T (that corresponds to the deviatoric stress). An iter- 

ative procedure consisting of three steps is repeated until the de- 

sired convergence is achieved. The first step is a Stokes flow prob- 

lem with an additional source term: ∇ · [ T − a γ] , where a > 0 is 

an augmentation coefficient (typically 10 ≤ a ≤ 50). The second 

and third steps are pointwise updates of the relaxed strain rate and 

stress Lagrange multiplier. It is known that γ and T converge to the 
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Fig. 10. Computed invasion pressures for different column height, H , and hole radii, 

r h . The dashed line denotes the Poiseuille flow yield limit. 

exact Bingham flow strain rate and an admissible stress field [44] , 

as does the velocity. The nice property of the relaxed strain rate γ
is that it becomes exactly zero in unyielded parts of the flow, at 

each successive iteration. Thus, when γ = 0 for the whole domain 

we may infer that invasion has not happened. See Appendix A for 

more details of the augmented Lagrangian algorithm used. 

The Stokes subproblem at each iteration is solved using the fi- 

nite element method with Taylor-Hood element pair (P 2 − P 1 ) for 

velocity and pressure (to fulfill the inf-sup condition). The re- 

laxed strain rate γ and stress multiplier T use linear discontinu- 

ous ( P 1 d ) elements to comply with the discrete compatibility con- 

dition between velocity field and these spaces; see [48] . The mesh 

starts relatively coarse (40-60 points on ∂�p ) and is refined slowly 

and adaptively after each converged solution. We ensure that the 

maximum edge size is < 0.04. Commonly used meshes can have 

50,0 0 0–20 0,0 0 0 points and for longer columns, may reach as high 

as 50 0,0 0 0 points in size. We have implemented this algorithm us- 

ing Rheolef [42] , a freely available C++ finite element library devel- 

oped by P. Saramito and co-workers. 

A typical procedure to find the invasion pressure is as follows. 

First we find upper and lower bounds for the invasion pressure 

(twice the Poiseuille flow limiting pressure is typically a good up- 

per bound). We then use a bisection method to find the invasion 

pressure. A flow is considered static (not invaded) provided that: 

(i) γ = 0 in the whole domain for 100 consecutive iterations, and 

(ii) the relaxed strain rate is close enough to the actual strain rate 

i.e. | γn − ˙ γ(u 

n ) | L 2 ≤ 10 −6 . If not invaded we increase P i following 

the usual bisection strategy. We continue until �P i < 0.01 is satis- 

fied as a tolerance. 

5.2. Results 

Using the procedure described above, we have computed ax- 

isymmetric solutions, and from these have iteratively calculated 

the invasion pressures for a wide range of H and r h . The results 

are shown in Fig. 10 and are seen to depend significantly on the 

hole radius r h . For H � 1 the invasion pressures P i increase from 

zero. This represents the transition from invasion into a shallow 

layer, towards invasion into a tall column. 

Considering first moderate r h � 0.1, on increasing H we see 

that P i increases linearly with H , for H � 5. The linear increase 

is the same for each r h � 0.1, following the broken line marked in 

Fig. 10 , which denotes the Poiseuille flow yield limit. More clearly, 

in a laminar Poiseuille flow along a length 

ˆ H driven by pressure 

drop � ˆ P , the wall shear stress is = 

ˆ R � ˆ P / 2 ̂  H . This must exceed 

the yield stress in order to flow. In the invasion context, with 

the scaling defined earlier, this leads to: P i ≥ 2 H . For H � 5, at 

the point of yielding, these flows exhibit a 2D axisymmetric re- 

gion of yielded fluid fanning out from the hole and reaching the 

walls of the tube at a development height H d . Above H d the ve- 

locity field becomes essentially 1D, following a Poiseuille profile 

just as the fluid begins to flow/yield. As H increases the Poiseuille 

section grows proportionately longer, accounting for the linear 

increase. 

Secondly, we observe in Fig. 10 that the behaviour for small r h 
is quite different to that described above (see r h = 0 . 02 , ̃0 . 05 ). Ev- 

idently, as r h decreases the inflow pressure is increasingly localised 

and singular. For H > 1 we observe a strong reduction in P i below 

that of the invasion pressures for larger r h . It appears that the fluid 

adopts a more localised stress distribution in this range of H . Over 

this range of H the fluid yields significantly below the Poiseuille 

flow prediction. Eventually the pressure reduction terminates at 

some height and thereafter the Poiseuille gradient is followed. In 

fact P i is larger for smaller r h in the Poiseuille dominated regime. 

For r h = 0 . 05 (as illustrated) the Poiseuille regime is attained at H 

≈16. For r h = 0 . 02 the Poiseuille regime is only attained at H ≈
225, i.e. as r h is reduced, the reduction in P i below the Poiseuille 

regime invasion pressure is found over an increasingly wide range 

of H . 

To understand differences in the yielding patterns for both 

small and larger r h , examples of the stress distributions are pre- 

sented in Fig. 11 , for r h = 0 . 05 , 0 . 1 at H = 2 , i.e. at the invasion 

pressure. For r h = 0 . 05 we observe that τ rz and τ rr change sign 

within a small localised dome shape. Together with and aided by 

non-zero τ θθ and τ zz (of similar magnitude), we see that | τ | = 1 

within a small dome around the hole. This dome is isolated from 

the walls of the cylinder, suggesting that fluid within the dome 

would recirculate on yielding. This recirculation could of course 

entrain invading fluid from the hole, but remains a local mobiliza- 

tion rather than an invasion that extends to the top of the fluid 

column. 

On the other hand, for r h = 0 . 1 , we see that although the quali- 

tiative distribution of τ rz , τ θθ and τ rr is similar to that for r h = 

0 . 05 close to the hole, the wedge of negative shear stress τ rz , now 

extends out from the dome near to the hole, all the way to the 

wall. It combines with the stress components and is nearly able to 

yield the fluid to surface. As H increases moderately for r h = 0 . 1 

(not shown) the shear stress increases and the Poiseuille-like dis- 

tribution commences, extending along the column to surface. 

To see the transition from the strongly localized stress dome 

into the Poiseuille flow regime at r h = 0 . 05 , Fig. 12 shows τ rz and 

| τ | for H = 8 , 12 , 15 , 16 , 16 . 25 . As we see, the stress distribution lo- 

cal to the hole does not change qualitatively as H increases, but 

does penetrate increasingly far towards the wall. Before the entire 

column begins to yield we can see that the shear stress adopts a 

1D Poiseuille profile, e.g. for H = 15 , 16 , whereas the column only 

begins to displace at H = 16 . 25 (below this motion is only local to 

the hole). 

Computed P i for r h = 0 . 01 (experimental value) are approxi- 

mately constant over the range of experimental H , being very simi- 

lar to r h = 0 . 02 shown in Fig. 10 . Comparing with the experimental 

results in Fig. 5 we observe 2 primary differences. First, the inva- 

sion pressures in the experiment are smaller by 10-30%. Secondly, 

although experimentally we see a short plateau (or decrease) at 

small H and then increase in P i with H , the increase is significantly 

smaller than that of the Poiseuille flow gradient ( P i = 2 H). The off- 

set in invasion pressures is undoubtedly due partly to the consti- 

tutive law: carbopol is not a rigid solid below the yield value, but 

exhibits elasto-plastic behaviour that allows it to deform at lower 
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Fig. 11. Example stress fields for H = 2 . Top row r h = 0 . 05 : τ rz , τ θθ , τ rr , | τ | (left to right). Bottom row r h = 0 . 1 : τ rz , τ θθ , τ rr , | τ | (left to right). 

pressures than an idealised yield stress fluid. The slower increase 

in P i with H (experimentally) suggests a localised stress distribu- 

tion and reduction in P i , e.g. as shown in Fig. 10 for r h = 0 . 05 . 

In our experiments, following the initial very small invasion 

dome, the pressure is further increased until the transition pres- 

sure after which it grows at constant pressure. At the end of tran- 

sition, domes are either stable or initiate fingering/fracturing. The 

latter mode of propagation via localisation and symmetry break- 

ing suggests that the expanded axisymmetric dome is itself a sta- 

ble configuration and that a form of stress relaxation occurs via 

slow growth of the dome. Initially, P i imposed at the circular hole 

caused growth of the small invasion dome, (observed to be stable 

in the absence of further pressure increases). The pressure increase 

imposed, P tr − P i , then causes growth of the dome, at the end of 

which P tr is imposed over the larger transition dome radius, allow- 

ing a stress field of smaller shear stress. To test the plausibility of 

the above description, Fig. 13 plots invasion pressures against r d 
for various H , assuming that the invading pressure is imposed on 

a hemispherical surface of radius r d (see Fig. 9 b). 

We observe that the invading pressures at small r d attain a 

plateau to similar values to those for the hole. It seems that P i in- 

creases to a maximum as r d increases, and then slowly reduces. 

Computations over a wider range of r d show that P i approaches 

the Poiseuille limit at large r d , (marked with broken horizontal 

lines for each H in Fig. 13 ). Consulting Fig. 5 it seems that the 

pressure increase imposed experimentally, P tr − P i , is in the range 

1–3. Increasing the invasion pressure by �P = 1–3, above that for 

r h = 0 . 01 in Fig. 13 a, indicates that the increased invasion pressure 

will be balanced for an increase in dome size, of somewhere in the 

Algorithm 1 Augmented Lagrangian algorithm for invasion 

repeat 

Step 1: Solve Stokes flow problem (minimization with respect 

to u ): 

−a ∇ . ̇ γ(u 

n ) = −∇p n + ∇ . (T − a γ ) n −1 

σn .n = −P i n on �p 

σn .n = 0 on outlet 

u 

n = 0 on �w 

Step 2: Minimization with respect to γ: 

γn = 

{
0 ‖ T 

n −1 + a ̇ γ(u 

n ) ‖ < 1 

{ 1 − 1 
‖ T n −1 + a ̇ γ (u n ) ‖ } T 

n −1 + a ̇ γ(u n ) 
1+ a otherwise 

Step 3: Maximization with respect to T : 

T 

n = T 

n −1 + a ( ̇ γ(u 

n ) − γn ) 

until | γn − ˙ γ(u 

n ) | ≤ 10 −6 or iteration count ≥50 0 0 

range r d = 0.025–0.075, over the experimental range of H . We ob- 

serve that this range of dome radii approximately covers the range 

of observed transition dome radii in Fig. 7 . This suggests that the 

notion of the stress relaxing as the dome grows during transition 

is plausible. 
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Fig. 12. Evolution of the stress fields with H = 8 , ̃12 , ̃15 , ̃16 , ̃16 . 25 for r h = 0 . 05 : left panel τ rz ; right panel | τ|. 

Fig. 13. Invasion pressures, for a hemispherical invading dome: (a) small r d ; (b) full range of r d . 

6. Discussion and conclusions 

We have presented new results targeted at exposing the effects 

of the yield stress on the pressure P i required for one fluid to in- 

vade a column of fluid, through a small hole. This setup was de- 

signed to simulate invasion into a well during primary cementing 

(or other operations when the wellbore fluid is stationary), for rel- 

atively low porosity reservoirs where pores may be considered iso- 

lated. Water was used in place of gas (to eliminate buoyancy and 

capillary effects) and the invading fluid was a carbopol gel. Ap- 

proximately 100 experiments were performed, repeatedly covering 

3 different carbopol concentrations and various heights of column. 

This was supplemented by a computational study. 

For low column heights H ∼ 1 ( ̂  H ∼ ˆ R ) there is little effect 

of H , but as H increases we observe a steady approximately lin- 

ear increase in P i over the experimental range. Dimensionally, P i 
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measures the invasion over-pressure (i.e. pressure above the hydro- 

static pressure in the fluid column), scaled with the yield stress. 

Thus, our results show approximately linear increase in invasion 

over-pressure with 

ˆ H . Also the invasion over-pressure increases 

linearly with the yield stress, as follows simply from the scaling 

adopted. 

The experiments show significant variability, hence the repeti- 

tion at each height and carbopol concentration, despite consider- 

able evolution in the experimental procedure to reduce this. For 

example, we have carefully implemented protocols for fluid prepa- 

ration, tank filling, eliminating invasion hole plugging, etc..., and 

have eliminated buoyancy, capillary, static and atmospheric pres- 

sures via our experimental design. The remaining variability stems 

from the fact that we are measuring an isolated onset event in 

a dynamically evolving process, and that this event is identified 

phenomenologically by the appearance of a minuscule invasion 

dome. 

A number of interesting stages have been observed during the 

experiments: mixing, invasion, transition, fracture and arrest . The 

last of these we are currently studying in more depth as our setup 

and measurements were targeted at invasion. The passage from 

invasion to transition pressure seems to represent elastic-plastic 

yielding close to the invasion hole. The initial growth of the tran- 

sition dome and then slowing of growth (in cases where the frac- 

ture does not start immediately) suggests a relaxation of the stress 

field, due to the overpressure now being applied over a larger area. 

We have seen that the expanding dome interface can be either 

relatively smooth or granular. This does not appear to have any 

bearing on the stability of the transition dome: either may be sta- 

ble or unstable. Invasion and transition domes are approximately 

axisymmetric. Fracture initiation and propagation represent a de- 

parture from symmetry, probably due to either a local defect or a 

non-uniformity of the stress-field. 

The computational study has covered a range of invasion hole 

sizes and dimensionless H . The computed invasion pressures fol- 

low similar qualitative trends to the experiments but are them- 

selves over-predicted. This is probably due to the ideal visco-plastic 

(Bingham) law that we have implemented. The computations also 

reveal that the invasion pressures for small r h increase relatively 

slowly with H > 1. This is tied into the occurrence of a local dome- 

like region of yielding close to the hole, i.e. the invasion overpres- 

sure first causes fluid to yield and recirculate locally within a dome 

shape, that appears analogous to those observed during the transi- 

tion stage. 

As H is significantly increased, for small r h , the increase in 

P i eventually generates sufficient stress to reach the walls of the 

cylinder. After this the invasion process changes from a local phe- 

nomena to a global one, in which resistance of the fluid occurs on 

the scale of the cylinder. More specifically, there remains an O (1) 

region close to the hole within which the magnitude of the devia- 

toric stresses components are all significant. The stresses generally 

decrease away from the hole, but at sufficiently large H yielded 

fluid does extend to the wall. Above this local near-hole region, 

the fluid adopts essentially a Poiseuille profile, with linearly de- 

creasing shear stress from centre to wall. Hoop and extensional 

stresses, which are important in the near-hole region, decay in the 

Poiseuille region as H is increased. 

We further observe that the invasion pressure increase proceeds 

in parallel to the Poiseuille prediction ( P i = 2 H) both for small r h at 

sufficiently large H and for larger r h . For the latter there is no range 

of H for which yielding is local and isolated, instead the Poiseuille 

regime is entered immediately. Returning to the experimental re- 

sults, the invasion pressures increases at a rate that is significantly 

below P i = 2 H. This, the hole size and the phenomena observed, all 

suggest that our experiments are fully in the local regime of inva- 

sions. The initial domes are approximately axisymmetric and apart 

from more complex constitutive behaviour the computational and 

experimental results present a coherent picture. 

Regarding the cementing process, a few aspects appear rele- 

vant. Firstly, the complex behaviour of P i with H and secondly the 

change from local to non-local invasion. Here we neglect effects of 

any filtercake that may have formed during drilling. Although H is 

very large in the wellbore setting, pore size is also very small. Tak- 

ing a typical annular gap as the global scale, pore sizes in the sub- 

micron range are very likely to invade locally ( r h < 0.0 0 01 even for 

large H ). This will also depend in a significant way on the poros- 

ity, which can also be interpreted as r h , i.e. at larger porosity val- 

ues pores can no-longer be considered as isolated: local invasion 

domes influence adjacent pores. Our computed results suggest that 

in the cylindrical geometry this happens for r h � 0.1. 

Secondly, a different perspective on local/non-local yielding 

comes from the observations of smooth and granular surfaces in 

our transition domes. Here the scale of the granularity appears to 

be in the range of 1 − 100˜μm, which may be related to the car- 

bopol gel microstructure and its stress response on this scale. In 

the well, cement slurries are in reality fine suspensions and pore 

sizes in tight rocks extend down to the scale of the suspension mi- 

crostructure, (indeed in such rocks it is not uncommon to consider 

Knudsen effects on porous media flows). Thus, local invasion on 

the scale of the slurry microstructure is likely to be the norm in 

cementing and this requires separate study using real cements. 

Thirdly, the influence of the yield stress in linearly increasing 

invasion over-pressure is useful, if also anticipated. If the inva- 

sion is local then the critical point is that it may occur at signifi- 

cantly lower pressures than those predicted from non-local analy- 

ses, e.g. predicting flow in the annular gap. If however yielding is 

local, with recirculation of fluids close to the pore opening, many 

other effects may influence the potential and mechanism for an- 

nular fluid to exchange with the pore fluid, and the timescale for 

that exchange, e.g. buoyancy, capillarity, diffusion, osmotic pres- 

sure... These effects have not been studied here. In the same con- 

text, note that here we have tried to eliminate local variability in 

our experiments, but in any cement placement process (and in the 

drilling process) the wellbore is over-pressured. Thus, yield stress 

fluid is forced into the pores, filtercake/skin typically forms close to 

the borehole, and these effects may in practical situations be the 

main influence of the yield stress on the actual invasion stage. 

Finally, in the above context - if we are to assume that local 

invasion occurs and that local gas streams coalesce, an interesting 

fluid mechanics problem to consider would be the propagation of 

a large gas stream upwards through an inclined annulus of station- 

ary yield stress fluid. Although in our simple setup we have shown 

the relevance of Poiseuille flow-like bounds, in inclined eccentric 

annuli the gas path is less predictable and may exchange/by-pass 

in situ fluids as it rises up the annulus. 
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Appendix A. The augmented Lagrangian method 

In Section 5.1 it was mentioned that a bisection algorithm has 

been used to find the invasion pressure. The objective function is 

an evaluation of max �|| γ || and we compute the maximal P i for 

which max � || γ || = 0 . To find γ at each step, we solve the flow 

problem in the column of fluid for given invasion pressure P i . We 

use the augmented Lagrangian method at each step which itself 

Please cite this article as: M. Zare et al., Invasion of fluids into a gelled fluid column: Yield stress effects, Journal of Non-Newtonian Fluid 

Mechanics (2016), http://dx.doi.org/10.1016/j.jnnfm.2016.06.002 

http://dx.doi.org/10.1016/j.jnnfm.2016.06.002


12 M. Zare et al. / Journal of Non-Newtonian Fluid Mechanics 0 0 0 (2016) 1–12 

ARTICLE IN PRESS 

JID: JNNFM [m5G; June 15, 2016;17:25 ] 

consists of fixed point iterations through 3 steps of an Uzawa al- 

gorithm. These 3 steps find the solution of a saddle-point problem 

with respect to the three variables u, γ and T as follows. 

The variable γ and T are the relaxed strain rate and stress La- 

grange multiplier respectively as mentioned before. By iterating 

through these steps these variables converge to the real strain rate 

and deviatoric stress of the flow. In step 2 we observe that the re- 

laxed strain rate is set exactly to zero if the stress approximation at 

that step does not exceed the yield stress (here unity). Thus, when 

converged max � || γ || = 0 implies that the fluid is everywhere un- 

yielded. These iterations usually converge very fast (tens of iter- 

ations) for non invading pressures and γ = 0 is obtained through 

the whole domain. 
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